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INTRODUCTION

The basis for the structural size optimization 
is a parametric description of a computer repre-
sentation of a real object by a set of geometric, 
dimensional, physical, functional and other pa-
rameters. Size optimization is most often carried 
out at the stage of detailed design, i.e. when the 
topology and shape of the product are predefined. 
The term parametric design associated with para-
metric systems is defined as “a process of design-
ing with parametric models in a virtual surround-
ing where geometrical and parameter variation 
are natural” [18, 21].

The concept of structural size optimization of 
an external fixation device is shown in Figure 1 
[8]. This iterative optimization process begins by 
generating an initial parameterized CAD model 
based on three reference design parameters. On 
thus formed CAD model, the FEM model is pre-
processed or developed. The structural analysis 
using displacement and stress sensors reads their 
state and introduces them into the optimization 
module in the form of optimization constraints. 

The reference design parameter data are fed into 
the optimization module after each iteration from 
the CAD module and used as the states of the op-
timization parameters. In addition, the geometry 
data from the CAD module are used in order to 
calculate the construction volume and use it as 
a cost function in the optimization module. The 
actions described make a single iteration of the 
algorithms for generative design, FEM analysis 
and optimization and are repeated until one of the 
termination criteria is reached. The initial CAD/
FEM model is verified by experimental testing.

There is a lot of research papers about the 
structural optimization used in the design process. 
Usually it is topology optimization, or optimiza-
tion of the shape and size [3, 4, 5, 13, 14, 23, 24].

Development and experimental validation 
of a generative CAD/FEM model 

In order to achieve the flexibility of the creat-
ed CAD model, so-called Top-Down method was 
used. This method involves the work mode with 
the view from above over the basic model, as well 
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as applying associativity and using parameterized 
relations [1]. This approach is actually reflected 
in the formation of so-called parameterized skel-
eton representing the infrastructure (simplified 
design) of the fixator through which appropriate 
interactions between the design parameters are 
established. In this way, the design knowledge is 
integrated into the CAD model through the skel-
eton, which is the basis of the so-called genera-
tive modelling.

The external fixation device components were 
modelled by finite elements of linear and para-
bolic tetrahedron type. Both elements belong to 
the group of 3D isoparameter elements or solids 
with six edges. For approximation of geometry 
and the field of basic unknowns of isoparamet-
ric elements, the same interpolation functions and 
the same nodes are used [19, 25]. There are three 
degrees of freedom in each node of these finite 
elements: displacements u, v, and w in x, y, and z 
axes of the rectangular coordinate system.

The external fixator is made of special stain-
less steel for the manufacturing of medical de-
vices. An orthotropic material with three planes 
of symmetry is a special form of anisotropic ma-
terial. For orthotropic material, it is common to 
define the material parameters such as Young’s 
modulus of elasticity, Poisson’s coefficient and 
shear modulus. The bone segments models 
were made of beech wood with known proper-
ties. Wood belongs to the group of anisotropic 
materials, but due to the cylindrical symmetry 
of its structure, it can be regarded as an ortho-
tropic material where the properties are defined 
in three planes [25].

The basic load form of the external fixator is 
axial pressure. An appropriate FEM model was 
developed to simulate experimental testing on 
axial load, taking into account the complete ge-
ometry of the external fixation device and bone 
model, the connections between the components, 
the applied load, as well as the constraints applied 
[9, 15]. When tested for axial loading, the bone 
models were reliant on spherical joints, while the 
intensity of axial loading by compression force of 
the proximal bone segment ranged in the interval 
Fp = 0–600 N with a growth rate of 5 N/s. The 
FEM model layout of the fixator before and af-
ter the application of the maximum axial pressure 
with the representation of the interfragmentary 
displacements is given in Figure 2.

In order to define the maximum interfrag-
mentary displacement at the fracture point R, dis-
placements in the x, y and z directions of a pair of 
adjacent points at the end planes of the proximal 
and distal segments at the fracture site were de-
termined [17, 20]. The relative craniocaudal and 
lateromedial displacements (x and y directions) 
and axial displacements (z direction) of the ob-
served points were determined by the following 
relations:

𝑟𝑟𝐷𝐷(𝑥𝑥) = 𝐷𝐷𝑝𝑝(𝑥𝑥) − 𝐷𝐷𝑑𝑑(𝑥𝑥),  𝑟𝑟𝐷𝐷(𝑦𝑦) = 𝐷𝐷𝑝𝑝(𝑦𝑦) − 𝐷𝐷𝑑𝑑(𝑦𝑦), 𝑟𝑟𝐷𝐷(𝑧𝑧) = 𝐷𝐷𝑝𝑝(𝑧𝑧) − 𝐷𝐷𝑑𝑑(𝑧𝑧)   
𝑟𝑟𝐷𝐷(𝑥𝑥) = 𝐷𝐷𝑝𝑝(𝑥𝑥) − 𝐷𝐷𝑑𝑑(𝑥𝑥),  𝑟𝑟𝐷𝐷(𝑦𝑦) = 𝐷𝐷𝑝𝑝(𝑦𝑦) − 𝐷𝐷𝑑𝑑(𝑦𝑦), 𝑟𝑟𝐷𝐷(𝑧𝑧) = 𝐷𝐷𝑝𝑝(𝑧𝑧) − 𝐷𝐷𝑑𝑑(𝑧𝑧)   (1)

where rD(x), rD(y)  and rD(z) represent the relative 
displacements of the bone model seg-
ments at the fracture point in x, y and z di-
rections, Dp(x), Dp(y) and Dp(z)  are the abso-
lute displacements of the bone end points 
of the bone model proximal segments in 
the x, y and z directions, and Dd(x), Dd(y)  

Fig. 1. Structural size optimization concept of an external bone fixation device
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and Dd(z) are the absolute displacements 
of bone end points of the bone model dis-
tal segments in the x, y and z directions.

The intensity of the maximum interfragmen-
tary displacement vector at the fracture point R is 
defined by:

𝑅𝑅 = √(𝑟𝑟𝐷𝐷(𝑥𝑥))2 + (𝑟𝑟𝐷𝐷(𝑦𝑦))2 + (𝑟𝑟𝐷𝐷(𝑧𝑧))2  (2)

Complete mechanical investigations of the 
fixator stability, in addition to the analysis of dis-
placement at the fracture point, also include an 
analysis of principal stresses at the characteristic 
locations of the fixator structure [12, 16]. Here, 
the stress analysis will be presented only for the 
case of axial loading by the compression force as 
the dominant load.

During the structural FEM and experimen-
tal analysis, the intensities and directions of the 
principal stresses σ1 and σ3 were monitored and 
analysed at two control points in the middle of the 
fixator tree [11]. The measurement point closer 
to the bone model segment is indicated by MP-, 
while the location on the opposite side of the tree 
is indicated by MP +, as shown in Figure 3.

The experimental tests of the fixator were 
performed at a Material Testing Laboratory at 
Faculty of Mechanical Engineering of the Uni-
versity of Sarajevo using the  tensometric analysis 
equipment. During these tests, the proximal bone 
segment movement was monitored by a displace-
ment transducer, while the loading was controlled 
by a force transducer (type U2A by HBM – Hot-
tinger Baldwin Messtechnik GmbH, Darmstadt, 
Germany) on a material testing machine (Zwick 

GmbH & Co., Ulm, Germany, model 143501). 
The stress analysis by tensometric measure-
ments [6] was performed using a DMC 9012A 
digital measuring amplifier system with built-in 
DMV 55 modules to receive the signals from type 
3/120LY11 strain gauges manufactured by HBM, 
as shown in Figure 4.

The comparative diagrams representing the 
change of principal stresses σ1 and σ3 , as well as 
a comparative diagram of axial load as a function 
of displacement at the point of load obtained by 
experimental testing and FEM method are shown 
in Figure 5 and Figure 6. A good agreement of 
results is obtained with maximum deviations of 
3.9% for displacements and 3.5% for principal 
stresses.

Development of optimization model

An iterative hybrid optimization algorithm 
was created, integrated into the CAD/CAM/CAE 
CATIA system, which operates at the combined 
global-local level [7, 8]. The algorithm globally 
uses the Simulated Annealing (SA) method, and 
locally Conjugate Gradient (CG) method.

In an explanation of the SA method func-
tioning principle, the term temperature is used 
in conjunction with the Boltzmann criterion and 
represents a „mathematical temperature” of the 
optimization system [2]. The Boltzmann distri-
bution considers the system energy E at thermal 
equilibrium at temperature T to be distributed by 
the following relation:

 𝑃𝑃(𝐸𝐸) = e(− 𝐸𝐸
𝑘𝑘𝑘𝑘) (3)

where: P(E) is a probability of reaching the en-
ergy level E and k is Boltzmann constant.

Fig. 2. Non-deformed and deformed structure under maximum axi-
al load and interfragmentary movement at the fracture site
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On the basis of the Metropolis criterion, 
the probability of accepting the following point 
(state) xi+1 depends on the difference in the energy 
levels or the values of the objective (cost) func-
tion of two analysed points (states):

 ∆𝐸𝐸 = 𝐸𝐸𝑖𝑖+1 − 𝐸𝐸𝑖𝑖 = ∆𝑓𝑓 = 𝑓𝑓𝑖𝑖+1 − 𝑓𝑓𝑖𝑖 ≡ 𝑓𝑓(𝐱𝐱𝑖𝑖+1) − 𝑓𝑓(𝐱𝐱𝑖𝑖) 

 ∆𝐸𝐸 = 𝐸𝐸𝑖𝑖+1 − 𝐸𝐸𝑖𝑖 = ∆𝑓𝑓 = 𝑓𝑓𝑖𝑖+1 − 𝑓𝑓𝑖𝑖 ≡ 𝑓𝑓(𝐱𝐱𝑖𝑖+1) − 𝑓𝑓(𝐱𝐱𝑖𝑖) 
(4)

New energy state or new potential solution xi+1 
is determined based on Boltzmann distribution:

 𝑃𝑃[𝐸𝐸𝑖𝑖+1] = min {e(−∆𝐸𝐸
𝑘𝑘𝑘𝑘), ∆𝐸𝐸 > 0

1, ∆𝐸𝐸 ≤ 0
  (5)

Solution space search begins with a global SA 
algorithm in order to avoid termination at a local 
optimum. After locating the approximate solution 

of global optimum, the CG based local search al-
gorithm is activated determining the value of the 
global optimum.

Unlike the SA method, which is unconstrained 
by the shape of the constraint and objective func-
tions, the CG method works with continuous 
differentiable functions [22]. The successive ap-
proximations for the minimum of the target func-
tion f(x) in the CG method are generated using the 
iterative formula:

𝐱𝐱 (k+1) = 𝐱𝐱 (k) + α𝑘𝑘 𝐝𝐝(k)  (6)
where: αk is an optimal step size in the direction 

of d(k) or a solution of 1D optimization 
problem:

min
𝛼𝛼>0

𝑓𝑓  (𝐱𝐱 (k) + α𝑘𝑘 𝐝𝐝(k))  (7)

Fig. 3. Principal stresses

Figure 4. Experimental testing of the fixation device
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Gradient of the objective function f (x) = f (x1, 
x2, ..., xn) represents a vector: 

 𝐜𝐜 = ∇𝑓𝑓(𝐱𝐱) = [ 𝜕𝜕𝑓𝑓
𝜕𝜕𝑥𝑥1

𝜕𝜕𝑓𝑓
𝜕𝜕𝑥𝑥2

⋯ 𝜕𝜕𝑓𝑓
𝜕𝜕𝑥𝑥𝑛𝑛

]
𝑇𝑇

 (8)

The negative gradient vector represents the 
direction of the steepest descent for the cost func-
tion and can be written as follows:

 𝐝𝐝 = −𝐜𝐜 or 𝑑𝑑𝑖𝑖 = −𝑐𝑐𝑖𝑖 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

 𝑖𝑖 = 1, 2, … , 𝑛𝑛  (9)

The structural optimization performed 
achieved the size optimization of the external 
fixation device design components. The task of 
optimizing the fixator design is to minimize its 
volume while reducing the interfragmentary dis-
placements at the point of fracture. During the op-
timization process, the Von Mises stresses on the 
structure components (optimisation constraints 
g2(x) and g3(x)), were controlled so that their 
values were limited to the value of the allowable 
stresses. Additionally, it was necessary to control 
the interfragmentary displacements that were lim-
ited to clinically permissible displacements [20]. 

On the other hand, the values of design (optimiza-
tion) parameters were limited in order to achieve 
the realistic design solutions and fulfil the optimi-
zation aims.

For a mobile structure such as an external fix-
ator, reliable and expedited treatment (reduction 
of adverse displacements at the fracture point) 
with as little weight as possible, is imperative. 
For this reason, the minimum mass or volume 
of the fixator structure was selected for the cost 
function:

min𝑓𝑓(𝐱𝐱) = min∑𝐴𝐴𝑖𝑖𝐿𝐿𝑖𝑖
𝑛𝑛

𝑖𝑖=1
 (10)

where: x = (χ1, χ2, χ3) is a vector of referent struc-
tural parameters used to parameterize the 
fixator model (Table 1), n is the number of 
structural elements and AiLi is the volume 
of i-th element of the fixator structure.

For the optimization variables (design param-
eters), the geometric parameters having a domi-
nant influence on the research aim or the opti-
mization process were selected. Specifically, the 

Fig. 5. Comparative diagram of the principal stresses (σ1 on MP+) and (σ3 on MP-)

Fig. 6. Comparative diagram of the axial displacement at the point of load
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most influential parameters on the stability and 
mass of the fixator structure were determined by 
structural analysis and experimental testing [10] 
and they are outlined in Table 1. These parameters 
are called free parameters and can be assigned a 
range (lower and upper values) and a step. The as-
signment of boundary values to these free param-
eters is necessary in order to prevent unrealistic 
shapes and dimensions of the fixator design.

In this way, the area of the feasible struc-
tural solutions is directly affected. Since these 
are geometric parameters, thus the dimensional 
constraints are introduced into the optimization 
model. The dimensional constraints are defined 
as follows:

𝑥𝑥1𝑑𝑑 ≤ 𝑥𝑥1 ≤ 𝑥𝑥1𝑔𝑔;  12 mm ≤ 𝑥𝑥1 ≤ 20 mm 
  𝑥𝑥2𝑑𝑑 ≤ 𝑥𝑥2 ≤ 𝑥𝑥2𝑔𝑔;  0.5 mm ≤ 𝑥𝑥2 ≤ 1.5 mm  
 𝑥𝑥3𝑑𝑑 ≤ 𝑥𝑥3 ≤ 𝑥𝑥3𝑔𝑔;  1.5 mm ≤ 𝑥𝑥3 ≤ 3 mm 
 

(11)

The steps of the parameters defined at the 
initial phase of the optimization are actually the 
initial values that the algorithms in their work re-
duce in order to achieve convergence towards the 
optimal values of the parameters. If the search in 
certain direction is successful and the local opti-
mum remains undiscovered, the step is increased 
in order to speed up the algorithm and determine 
the optimum.

RESULTS AND CONCLUSIONS

The results of the dimensional optimiza-
tion of the Sarafix bone exterior fixation device 
are shown in diagrams in Figure 7 and Figure 8. 
Structural optimization sought to achieve its im-
provements in terms of reduced interfragmentary 
displacements and volume without major and 
complex structural interventions [8].

Thus, the fixator volume reduction from 
1.143·105 mm3 to 1.032·105 mm3 was achieved. 
The optimal solution of the cost function (vol-
ume) was achieved in the 16th iteration of the SA 
algorithm (Figure 7). Afterwards, the algorithm 
tried to further improve the value of the target 
function (from the 16th to the 33rd iteration). How-
ever, the optimization constraints become unsat-
isfied. After finding the solution by the global al-
gorithm, the CG algorithm was activated, which 
resulted in an insignificant improvement of the 
target function value (from 1.036 ·105 mm3 to 
1.032·105 mm3), as presented in Figure 7.

The referent design parameters underwent 
certain changes. Thus, in order to optimize the 
fixator design, the diameter of the tree ds was in-
creased, while at the same time the wall thick-
nesses of the fixator tree δ and the clamping plate 
δop were decreased, as shown in Figure 8 and 
Table 2.

 Table 1. Optimization variables (referent construction parameters) of the fixation device model

Parameter Index Perimeter, mm Step, mm

Outer tree diameter x1 ds 12 ÷ 20 0.5

Tree wall thickness x2 δ 0.5 ÷ 1.5 0.1

Clamping plate base thickness x3 δpo 1.5 ÷ 3 0.2

Fig. 7. Fixation device volume optimisation 
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The process of structural optimization 
sought to reduce the volume of certain compo-
nents by affecting the total volume V of the fix-
ator while improving its mechanical character-
istics, as shown in Table 2. The major improve-
ments are reflected in the reduction of the inter-
fragmentary displacements at the bone fracture 
point Dp(i) and Dd(i).

It is important to mention that the struc-
tural optimization process achieved a structural 
solution of the fixator, which allows signifi-
cantly smaller transverse displacements at the 
fracture point Dp(y) and Dd(y), compared to the 
current structure (Table 2). It is known that 
these transverse displacements can slow or 
prevent the  healing of the fracture and cause 
pseudoarthrosis.
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